Arrays of nanostructures have emerged as exceptional tools for the manipulation and control of light. Oftentimes, despite the fact that real implementations of nanostructure arrays must be finite, these systems are modeled as perfectly periodic, and therefore infinite. Here, we investigate the legitimacy of this approximation by studying the evolution of the optical response of finite arrays of nanostructures as their number of elements is increased. We find that the number of elements necessary to reach the infinite array limit is determined by the strength of the coupling between them, and that, even when that limit is reached, the individual responses of the elements may still display significant variations. In addition, we show that, when retardation is negligible, the resonance frequency for the infinite array is always redshifted compared to the single particle. However, in the opposite situation, there could be either a blue-or a redshift. We also study the effects of inhomogeneity in size and position of the elements on the optical response of the array. This work advances the understanding of the behavior of finite and infinite arrays of nanostructures, and therefore provides guidance to design applications that utilize these systems.
Metallic nanoparticles, capable of supporting surface plasmon modes, have proven to be ideal tools for manipulating light, due to their strong optical responses and subwavelength field confinement [1] . These exceptional properties are being exploited in a wide variety of applications, including ultrasensitive biosensing [2, 3] , solar energy harvesting [4, 5] , photocatalysis [6, 7] , nanoscale light emission [8] [9] [10] [11] [12] , imaging [13, 14] , and nonlinear optics [15] [16] [17] , to cite a few. Metallic nanostructures are also used as building blocks for metasurfaces [18] , which are ultrathin structures that enable the manipulation of the wavefront of light beams on a subwavelength scale [19] .
Most of these applications involve the use of ensembles of metallic nanostructures, which are commonly arranged in periodic geometries [20] . This, in addition to providing a response stronger than that of a single nanostructure, can also lead to collective behaviors arising from coherent interactions between the nanostructures [21] [22] [23] . That is the case for so-called lattice resonances, which occur at wavelengths commensurable with the periodicity of the array [24] [25] [26] [27] [28] [29] [30] [31] , and have particularly strong and narrow spectral features that make them ideal for the previously mentioned applications [32] [33] [34] [35] [36] [37] [38] .
Usually, arrays of nanostructures are modeled as though they were perfectly periodic, and, consequently, infinite. By doing so, it is possible to take full advantage of periodicity, and therefore to calculate the response of the whole system by only modeling the unit cell of the array [30] . This significantly reduces the computational cost of the calculation as compared with the modeling of each element in a finite array [21, 39] . In reality, however, no array is infinite, and, usually, the size of the arrays that can be created in the laboratory is limited by the employed fabrication method. This can lead to significant discrepancies between the optical response of the modeled, perfectly periodic, system, and that of the fabricated one, which arise from both the effect of the boundaries, present in finite systems but not infinite ones, as well as from the truncation of the collective behavior caused by the finiteness of the structure [40] [41] [42] [43] [44] [45] .
Here, we seek to understand when the finite-size effects on arrays of nanoparticles can be neglected, and their response can therefore be modeled assuming they are perfectly periodic. To this end, we use a coupled dipole model to analyze the optical response of finite arrays of metallic nanostructures, made of gold, silver, or graphene, with a varying number of elements. We consider arrays in which the nanostructures are separated by distances smaller than the resonance wavelength, as well as those in which the separation is comparable to it, and therefore can support lattice resonances. By comparing the response of these systems with that of the corresponding infinite arrays, we find that the number of elements required to reach the infinite array limit is determined by the strength of the interaction between them. Furthermore, we show that, even when the collective response has converged to the infinite array limit, the individual responses of the constituents may still differ greatly from the perfectly periodic case. We also demonstrate that, depending on the role played by retardation, the resonance frequency of the infinite array can be either redor blueshifted compared to that of a single nanostructure. We analyze, as well, how inhomogeneity in the size and positioning of the individual elements of the array affects its collective response. The results of this work contribute to improving the fundamental understanding of arrays of nanostructures, allowing for advancements in applications seeking to take advantage of their unique optical behavior.
The system under study consists of a self-standing square array with N identical metallic nanospheres of radius R, separated by a center-to-center distance a, as shown by the insets of Figures 1(a) and (c). For all of the systems investigated in this work, we assume that the particles that constitute them are much smaller than the resonance wavelengths. This allows us to use a coupled dipole model to describe the optical response of the arrays, in which each constituent is characterized as an electric dipole with a scalar polarizability α [21, 30, [46] [47] [48] . Our model, therefore, is valid for arrays of small metallic nanostructures, for which the contribution to their optical response arising from the magnetic dipole and higher order modes is negligible. Upon illumination by an external field E, the induced dipole p in each sphere satisfies
where G ij is the interaction tensor that defines the interaction between dipoles i and j
Here, r ij = r i − r j is the vector connecting the positions of these dipoles, 1 is the 3 × 3 identity matrix, and k = ω/c = 2π/λ is the wavenumber, with ω and λ being, respectively, the frequency and the wavelength of light. For a finite array, Eq. (1) can be solved as
which involves the inversion of a 3N × 3N matrix. By doing so, we obtain the dipole induced at each particle, which, in turn, allows us to compute the extinction cross section of the array as
The polarizability of the spheres can be determined from the electric dipole Mie scattering coefficient t
, which is calculated analytically using the dielectric function of the material from which the nanoparticles are made. In this work, we use tabulated data taken from [50] to describe the dielectric functions of gold and silver.
We can also use Eq. (1) to calculate the optical response of an infinite array. In this case, we take advantage of periodicity and use Bloch's theorem to write the external field and the induced dipoles as E i = E(k ) exp(ik · r i ) and p i = p(k ) exp(ik · r i ), respectively, where k is the component of the wavevector of the incident field parallel to the array. By doing so, we get
where
Once the induced dipole is calculated, the extinction cross section per unit cell is given by
We use this model to calculate the extinction of a square array of gold nanospheres with radius R = 50 nm. The external field is always assumed to be normally incident on the array (i.e., k = 0) and polarized along one of its lattice vectors, which means that only the in-plane components of the dipoles are excited. For the finite arrays, we normalize the extinction calculated from Eq. (4) by the area of the array, defined as N a 2 , while, for the infinite array, we divide the output of Eq. (5) by the unit cell area a 2 . The results of this calculation are shown in panel (a) of Figure 1 for an array with a = 5R. The blue curve corresponds to the single particle (N = 1) case, while green, yellow, and red curves show the normalized extinction for arrays with increasing numbers of elements: N = 4, N = 25, and N = 400, respectively. Examining these spectra, we observe that, as expected, when the number of particles increases, the extinction of the finite array approaches that of an infinite array (dashed black curve), becoming very similar to it for 4 particles, and indistinguishable for 25 particles. The situation is different if the strength of the coupling between the nanoparticles is increased. This can be achieved by reducing the separation between them to a = 3R, as done in panel (b). The corresponding results show a slower convergence, requiring up to 400 particles to reach the infinite array limit.
A similar behavior is obtained for arrays made of silver nanoparticles. In this case, the smaller losses and larger plasma frequency of silver give rise to stronger couplings, which result in a slightly slower convergence, as can be seen in panels (c) and (d), for a = 5R and a = 3R, respectively. In both cases, we need to go up to 400 particles to obtain a perfect agreement with the infinite array, although, for a = 5R, the spectrum of the N = 25 array is already very close to the infinite case. On the contrary, for a = 3R, the spectrum of the N = 25 array displays additional peaks at lower energies corresponding to higher order modes supported by the array due to its finite size.
Interestingly, comparing the results for gold and silver arrays, we observe that the extinction peak for the latter clearly blueshifts as N increases, which is different from the behavior displayed by the former. We attribute this difference to the role played by retardation in the response of these systems, as we explain later.
A stronger level of coupling can be achieved by substituting the metallic nanospheres for graphene nanodisks [51] . When doped, these structures can support strong localized plasmon modes whose energy can be tuned by adjusting the doping level [52] . Due to these exceptional properties, arrays of graphene nanodisks have been proposed as a platform to develop tunable infrared plasmonic devices [53] , with functionalities such as total absorption [54, 55] and ultrasensitive biosensing [56, 57] , among many others [52] . In order to describe the response of these systems, we employ the coupled dipole model outlined above. In this case, however, the polarizability of the graphene nanodisks is calculated using
as derived within the Plasmon Wave Function (PWF) formalism [57] [58] [59] using a Drude conductivity [52] .
Within that formalism, which is accurate for nanostructures with sizes much smaller than their resonance wavelength, the polarizability of an arbitrary nanodisk is characterized by the parameters η = −0.0728 and ζ = 0.8508, whose value are obtained by fitting the expression above to the rigorous solution of Maxwell's equations [59] . These parameters, together with the radius R of the disk and its Fermi energy E F , which quantifies the doping level of the nanodisk, define the frequency of the localized plasmon that it supports as
while its linewidth is determined by γ = ev 2 F /µE F , with v F ≈ c/300 being the Fermi velocity of the electrons and µ their mobility, for which we assume a value of 10 4 cm 2 /(V s) [51] . Using these expressions, we compute the optical response of a square array of graphene nanodisks of radius R = 50 nm and period a = 3R, as depicted in the inset of Figure 2 (a). This panel displays the extinction, normalized in the same way as in Figure 1 , for arrays with E F = 0.1 eV and different number of elements: 1 (blue), 25 (cyan), 100 (green), 900 (yellow), and 2500 (red curves). Examining these spectra, we observe that convergence to the infinite array limit, which is displayed by a black dashed curve, is reached for values of N beyond 900 nanodisks. This is the expected behavior, since E F =0.5 eV the strong plasmons supported by graphene nanodisks lead to much stronger coupling between elements than those displayed by gold and silver nanostructures of the same size.
The strength of the coupling between the nanodisks can be increased by raising its doping level, since, at resonance, α ∝ √ E F . This can be seen in panel (b), where we plot the normalized extinction for an array identical to that of panel (a), but with E F = 0.5 eV. We observe that, in this case, the convergence to the infinite array limit requires a much larger number of elements (N = 2500, red curve), consistent with the stronger level of coupling. Furthermore, smaller peaks, corresponding to higher order modes, are clearly visible on the righthand side of the main peak, approaching to and eventually merging with it as N increases. Interestingly, looking at the inset, we observe that the peak for the N = 900 array (yellow curve) seems to have overshot that of the infinite array, shifting back when N = 2500. This suggests that the process of convergence to the infinite array limit, as N is increases, involves an oscillatory behavior.
We explore this behavior in Figure 3(a) , where we plot, as a function of N , the shift of the extinction peak with respect to that of the infinite array. Red and blue curves correspond, respectively, to E F = 0.1 eV and E F = 0.5 eV. These results clearly confirm the anticipated oscillatory behavior for E F = 0.5 eV, as can be seen in the inset, where we provide a zoom of the results for N in the range 400 − 8100. We attribute this behavior to the interplay between the main resonance and the higher order modes supported by the finite arrays as they converge to the spectrum of the infinite array when N increases. In panel (b), we plot similar results for the arrays of metal nanospheres studied in Figure 1 . In this case, the red and blue colors are used for the gold and silver arrays, while solid and dashed curves correspond to a = 3R and a = 5R, respectively. The weaker coupling in these systems, as compared with the graphene arrays, results in a faster convergence (cf. the horizontal axes of panels (a) and (b)). However, they also show a similar oscillatory behavior, which went unnoticed in Figure 1 and that originates from the same phenomenon. Figure 3 also shows that, when comparing the position of the extinction peak of the infinite array with that of a single particle, the graphene nanodisk arrays always show a redshift. In contrast to this, the behavior of the arrays composed of metallic nanospheres shows either a blueor redshift, depending on the material and the period, as we noted in the discussion of Figure 1 . This difference in behavior can be explained by analyzing the role played by retardation in the collective response of the arrays. The shift in the resonance of the array as N increases is determined by the real part of the dipole-dipole interaction tensor (see Eq. (3)), and, in particular, the value it takes between nearest neighbors, for which the coupling is the strongest. A positive interaction results in a redshift of the collective resonance with respect to that of a single particle, while a negative one produces a blueshift. Examining Eq. (2), we infer that, when retardation is negligible (i.e., ka 1), this interaction reduces to 2a In order to confirm this explanation, we calculate the extinction peak energy for infinite arrays of silver and gold nanospheres with different radii and periods. The results of this calculation are shown in Figures 4(a) and (b) using solid curves of different colors, as indicated by the legend. Examining panel (a) and comparing these results with those for single nanospheres of the same size (black dashed curve), we observe that, in the case of silver nanoparticles, for R = 5 nm and a = 3R, the resonance energy of the infinite array is clearly redshifted with respect to that of the single particle, as expected from the small value that ka takes for that case. However, if R or a is increased, the resonance energy of the infinite array approaches to that of the single particle and eventually crosses it, thus resulting in a blueshift. If ka is further increased, the shift is reduced and it is possible to observe a second crossing, which is expected to happen when ka ≈ 3π/2, for which cos(ka) changes its sign. The same trend is observed for gold nanoparticles, as seen from the results plotted in panel (b). In this case, however, the smaller plasma frequency of gold as compared with silver makes the crossings appear for larger values of R and a.
Figures 4(c) and (d) show the normalized extinction spectra for two particular examples taken from panels (a) and (b), corresponding to R = 5 nm (red curves) and R = 50 nm (blue curves), with a = 3R in the case of silver and a = 5R for gold. The results for the infinite arrays are shown with solid curves, while those of the single particle are displayed using dashed curves. As anticipated, for R = 5 nm, the peak of the infinite array is redshifted with respect to that of the single particle, while, for R = 50 nm, the situation is reversed. It is worth noting that these predictions are in agreement with previous experimental observations [40] .
So far, we have gauged the convergence of the optical response of the finite arrays to the infinite array limit by analyzing their extinction, which is a quantity associated with the far-field response of the system. However, it is important to analyze as well how the near-field behavior of the array converges as N increases. In particular, for an infinite array excited at normal incidence, the dipole induced at each particle has to be identical, due to the periodicity of the system. On the contrary, for finite arrays, the existence of edges breaks that symmetry. As a result of this, the dipoles induced at each particle may vary depending on its location within the array. In order to analyze this effect, we compute the local extinction produced by each dipole in the array at the resonance frequency, which is defined as σ ext,i = 4πkIm{p i ·E * }/|E i | 2 . Figure 5 shows the results of this calculation for different arrays of silver nanospheres, assuming an illuminating field polarized along the vertical axis. Specifically, we use colored circles to display the change in the local extinction with respect to the infinite array for each dipole in the array. We consider arrays of R = 50 nm nanospheres with N = 25 (upper plot) and N = 400 (lower plot) elements, with period a = 5R (a) and a = 3R (b). As discussed in Figures 1(c) and (d) , all of these arrays have a total extinction that is very similar, if not identical, to that of the corresponding infinite array. However, examining the results of Figure 5 , we observe that, for certain particles, the local extinction shows variations as large as ±50% with respect to the value for the infinite array. As expected, these variations are more pronounced near the edges of the arrays, and for the systems with smaller period, for which the interaction between the elements is stronger.
Similar results are found for arrays of graphene nanodisks, as shown in Figure 6 . There, we plot the change in the local extinction with respect to the infinite array for systems with R = 50 nm and a = 3R, and either N = 900 (upper plot) or N = 2500 (lower plot) nanodisks. As before, we assume the illuminating field to be polarized vertically. Panel (a) analyzes the results for E F = 0.1 eV, for which the change of the local extinction shows an approximately uniform pattern of positive values, except at the horizontal edges, where it turns negative, taking a value of almost −30%. An increase in E F results in more complicated patterns, as shown in panel (b), and larger variations up to ±100% of the infinite array value. These results demonstrate that, even if its extinction spectrum has already converged to the infinite array limit, the near-field response of a finite array can still show significant deviations from the infinite system behavior, especially near the edges of the system.
In all of the analysis we have performed up to now, we have focused on arrays with periods smaller than their resonance wavelengths, for which the interaction between their elements is expected to be strong. Although, in principle, increasing the period is expected to lead to a smaller interaction, and, consequently, to a weaker collective response, there is an exception to this trend when the periodicity of the array is commensurate with the wavelength. In that case, the system can support the so-called lattice resonances, which arise from the coherent interaction of all of the elements of the system [30, 48] . In con- . In all of the cases, we assume the illuminating field to be polarized along the vertical axis.
trast to the resonances displayed by the systems we have analyzed above, which arise from the interaction between the plasmonic modes supported by the constituents, the lattice resonances have a geometrical origin, and therefore are expected to be more sensitive to finite size effects [45] . In order to analyze this, we calculate the extinction produced by arrays of silver nanospheres with radius 50 nm, period 400 nm, and different number of elements. The corresponding normalized extinction spectra are shown in Figure 7 (a). Specifically, we consider arrays with N ranging from 1 to 10000 (color curves), which we compare with the corresponding extinction for an infinite array (black dashed curves). The results confirm that convergence to the infinite array limit is significantly slower for these systems than for any of the cases investigated before. In particular, it is necessary to increase N up to 10000 to obtain a spectrum resembling that of the infinite array. However, even for that large number of elements, the characteristic sharp dip of the lattice resonance, associated with its Fano character [21] , is not completely recovered. Furthermore, as N increases, the resonance peak becomes narrower [41, 60] . To complete our analysis, we plot, in panel (b), the change in the local extinction with respect to the infinite array for the system with N = 10000 nanospheres, calculated at resonance. Once again, we observe significant variations located near the edges of the array, although, in this case, there is a large central region for which the local extinction is almost identical to that of the infinite array.
All of the calculations discussed so far assume ideal arrays, in which all of the nanostructures have the same radius R and are located at the exact positions defined by a square lattice of period a. However, due to fabrication imperfections, any experimental realization of these systems will present defects, resulting in both the size of the particles and the separation between them having a certain finite distribution of values around the design values. In order to quantify how these defects impact the behavior of the system, we study the optical response of arrays of silver nanoparticles with inhomogeneities in the size and positioning of each element within the array. In particular, we build these arrays by adding δR to the radius of each particle in the system, where δR is a randomly generated number taken from the interval [−βR, βR], with β being a parameter that defines the level of disorder. Similarly, we shift the position of each particle by adding (δx, δy) to its coordinates, where δx and δy are random numbers in the interval [−βa, βa].
For each value of β, we perform 20 different calculations of the extinction, each with their own randomly generated values of δR, δx, and δy for each element in the array. We plot the average of these runs in Figure 8 and compare it to the extinction for the array having a perfectly precise placement and size (blue dashed curves). In panel (a), this is done for an array of N = 100 nanospheres of radius R = 50 nm with a period a = 250 nm, which is smaller than the resonance wavelength. We observe that, for a value of β = 0.1 (green curve), which corresponds to a 10% inhomogeneity in size and position, the extinction remains virtually unchanged, with only a slight broadening of the peak and a small decrease in the maximum extinction value. This is also the case when the deviations in the size and position of the particles are allowed to reach 20% (i.e., β = 0.2) of their nominal values, as shown by the red curve.
A different situation is found when the period of the array is increased to be similar to the resonance wavelength. In this case, the effect of inhomogeneity on the extinction is more pronounced. This can be seen in panel (b), where we study an array of N = 900 silver nanospheres with a = 400 nm and R = 50 nm. The extinction of this array is slightly changed when β = 0.1, with its peak reaching approximately 94% of that of the ideal array. However, when β is further increased to 0.2, the extinction is changed significantly, with the extinction peak dropping to 79% of the maximum for the ideal system. This behavior is not surprising, since the collective nature of lattice resonances makes them more sensitive to disorder [61] [62] [63] .
In conclusion, we have analyzed of the evolution of the optical response of finite arrays of nanostructures as their number of elements is increased, and approaches the perfectly periodic, infinite array limit. Using a coupled dipole model, we have investigated arrays of gold and sil- ver nanospheres, as well as graphene nanodisks, with periods smaller than their resonance wavelength. We have found that the number of elements required for convergence to the infinite array limit depends heavily on the strength of the coupling between each element. Furthermore, the evolution of the optical response of these systems, as it converges to the infinite array limit, is strongly dependent on the role played by retardation. In particular, when retardation is not significant, there is always a redshift with increasing number of elements, whereas, in the opposite limit, we predict either a blueshift or a redshift, depending on the particular values of the resonance wavelength and the array period. We have also found that, for relevant structures, even when their farfield responses may have converged to the infinite array limit, the near-field properties of the system can display significant inhomogeneities, which are especially significant at the edges of the array.
We have also investigated the finite-size effects on the optical response of arrays with periods similar to their resonance wavelength, which can support lattice resonances arising from the coherent coupling of all of their elements enabled by their periodicity. We have found that, for these systems, due to the geometrical origin of these resonances, the convergence to the infinite array limit requires a significantly larger number of elements. Finally, we have performed a detailed analysis of the effect that the disorder in the position of the nanoparticles and the inhomogeneity in their sizes have on the optical response of different arrays of nanostructures. We have shown that, while arrays with periods smaller than the resonance wavelength show a significant robustness against disorder, systems supporting lattice resonances are more sensitive to it.
The results presented here provide a comprehensive analysis of the impact that finite-size effects have on the optical response of periodic arrays of nanostructures, thus contributing to the fundamental understanding of these systems and laying the foundations for future applications exploiting their unique optical properties.
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